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We find an explicit cosmological model which allows a special type of cosmological singularity
which we call a w-singularity. This singularity has the scale factor finite, the energy density and
pressure vanishing, and the only singular behaviour appears in a time-dependent barotropic index
w(t). It is different from the type IV cosmological singularity in that it does not exhibit the
divergence of the higher derivatives of the Hubble parameter and from the big-brake since it does
not fulfill the anti-Chaplygin gas equation of state. We also find an interesting duality between the
w-singularities and the big-bang singularities. Physical examples of w-singularities appear in f(R),
scalar field and brane cosmologies.
PACS numbers: 98.80.-k; 95.36.+x; 98.80.Jk
There has been a strong evidence for the accelerated
expansion of the universe [1] and, in particular, for its
superexpansion in the sense of admitting a very large
negative pressure possibly driven by phantom [2] with
its exotic evolution towards a big-rip singularity. It
opened interest in investigating more examples of the
non-conventional types of matter sources in the universe
and exotic singularities accompanying them.
Within the series of these exotic singularities there are
the sudden future singularities [3] which are the singu-
larities of pressure with the finite scale factor and the
energy density (also called big-brake [4], when they ad-
mit an anti-Chaplygin equation of state), the generalized
sudden pressure singularities [5] which are singularities of
the pressure derivatives, and the singularities of type III
and IV according to the classification of Ref. [6]. Type
III is a singularity of the pressure and the energy density
with the finite value of the scale factor. The singularity
of type IV is a singularity of the higher derivatives of
the Hubble parameter as well as of the time-dependent
barotropic index in the barotropic form of an equation of
state. However, it allows a finite value of the scale fac-
tor as well as both the energy density and the pressure
vanishing.
It is interesting that most of the exotic singularities
(except big-rip and type III) are of a weak type, i.e.,
there is no geodesic incompletness and the cosmic evolu-
tion may eventually be extended beyond them [7, 8, 9].
For example, the only physical characteristic of the sud-
den future singularities is a momentarily infinite peak
of the tidal forces in the universe. In the case of gen-
eralized sudden future singularities this peak may also
appear in the time derivatives of the tidal forces. It
has been checked that sudden future singularities arise
in both homogeneous [5] and inhomogeneous [10] mod-
els of the universe. However, the strongest case for their
generality is that they plague the cosmological models
based on the loop quantum gravity [11] (cf. also [12] for
investigations of other types of singularities in this con-
text). More properties of these singularities with respect
to quantum theory have also been investigated recently
[13, 14].
It is also interesting that exotic type singularity mod-
els both may and may not violate the energy conditions.
For example, the phantom models violate the null en-
ergy condition, the sudden future singularity models vi-
olate the dominant energy condition, while the gener-
alized sudden future singularity models do not violate
energy conditions at all. It then seems that the standard
energy conditions do not work for these exotic types of
singularities and the need to formulate a new set of en-
ergy conditions appears [15]. This may also be related
to the statefinder diagnostics of cosmology [15, 16]. In
fact, the sudden future singularities have been verified
observationally against supernovae [10]. Amazingly, it
emerged that they were possible to appear just in 8.7
Myr in the future. Some other types of exotic singulari-
ties, including restrictions on their appearance related to
energy conditions violation, were also tested observation-
ally [17, 18, 19].
In this paper we suggest yet another type of the exotic
singularities which seem to be most similar in nature to
the type IV, as suggested in Ref. [6]. However, we claim
that they are different from type IV since they do not
lead to any divergence of higher-derivatives of the Hubble
function.
Our starting point will be the standard system of the
flat geometry Einstein-Friedmann equations
̺ =
3
8πG
a˙2
a2
, (1)
p = −
c2
8πG
(
2
a¨
a
+
a˙2
a2
)
, (2)
with the energy-momentum conservation law
˙̺ = −3
a˙
a
(
̺+
p
c2
)
. (3)
Here a(t) is the scale factor, G is the gravitational con-
stant, c the velocity of light, ̺ the energy density, p the
2pressure. We choose the following form of the scale factor
a(t) = A+B
(
t
ts
) 2
3γ
+ C
(
D −
t
ts
)n
. (4)
It contains seven arbitrary constants: A, B, C, D, γ, n,
and ts. The last of the constants ts is the time when
we expect the singularity. On the ohter hand, the con-
stant γ is an analogous of the constant in the barotropic
equation of state p = (γ − 1)̺ in the standard Fried-
mann model. Having the scale factor (4), we impose the
following conditions
a(0) = 0, a(ts) = const. ≡ as, a˙(ts) = 0, a¨(ts) = 0 .
(5)
The first of the conditions (5) is chosen in order for the
evolution to begin with a standard big-bang singularity
at t = 0 (note that in order to have a big-rip, one would
have to impose a(0) = ∞, which is equivalent to taking
γ < 0). From (1) and (2), it is easy to see that after in-
troducing (5), the energy density and the pressure vanish
at t = ts. Now we note that the derivatives of the scale
factor (4) are
a˙(t) =
2
3γ
B
ts
(
t
ts
) 2
3γ
−1
−
Cn
ts
(
D −
t
ts
)n−1
, (6)
a¨(t) =
2
3γ
(
2
3γ
− 1
)
B
t2s
(
t
ts
) 2
3γ
−2
(7)
+
Cn(n− 1)
t2s
(
D −
t
ts
)n−2
, (8)
a···(t) =
2
3γ
(
2
3γ
− 1
)(
2
3γ
− 2
)
B
t3s
(
t
ts
) 2
3γ
−3
, (9)
−
Cn(n− 1)(n− 2)
t3s
(
D −
t
ts
)n−3
. (10)
Imposing the conditions (4), we can determine the con-
stants A, B, C, and D to be
A =
as
1− 3γ
2
(
n−1
n− 2
3γ
)n−1 , (11)
B = n
1− 2
3γ
n− 2
3γ
as
1− 2
3γ
(
n− 2
3γ
n−1
)n−1 , (12)
C =
1− 2
3γ
n− 2
3γ
as
3γ
2
(
n−1
1− 2
3γ
)n−1
−
(
n− 2
3γ
1− 2
3γ
)n−1 , (13)
D =
n− 2
3γ
1 − 2
3γ
, D − 1 =
n− 1
1− 2
3γ
. (14)
Using the formulas (11)-(14), we have the final form of
the scale factor given by
a(t) =
as
1− 3γ
2
(
n−1
n− 2
3γ
)n−1
+
1− 2
3γ
n− 2
3γ
nas
1− 2
3γ
(
n− 2
3γ
n−1
)n−1
(
t
ts
) 2
3γ
+
as
3γ
2
(
n−1
n− 2
3γ
)n−1
− 1
(
1−
1− 2
3γ
n− 2
3γ
t
ts
)n
,(15)
with the admissible values of the parameters: γ > 0 and
n 6= 1. Now, let us note that one can write down a
barotropic equation of state, using (1) and (2), as
p(t) = −
c2
3
[
1 + 2
a¨(t)a(t)
a˙2(t)
]
̺(t) , (16)
and so the effective barotropic index is given by
w(t) = −
c2
3
[
1 + 2
a¨(t)a(t)
a˙2(t)
]
=
c2
3
[2q(t)− 1] , (17)
where we have introduced the deceleration parameter
q(t) = −
a¨a
a˙2
. (18)
On the other hand, the Hubble parameter and its deriva-
FIG. 1: The scale factor (15) as a function of time and the
parameter n (n 6= 1, as = 1, ts = 10, γ = 1). We have
removed a piece which corresponds to n ∼ 1 (a ∼ ∞ for this
value). The Universe starts with a big-bang at t = 0, where
a = 0, and reaches a w-singularity at t = ts, where a = as.
tives read as
H(t) =
a˙
a
, (19)
H˙(t) = −4πG
(
̺+
p
c2
)
, (20)
H¨(t) =
a···
a
− 2
a¨a˙
a2
− H˙H . (21)
We now note that at the time t = ts we have
H(ts) = 0, H˙(ts) = 0, (22)
H¨(ts) =
a···(ts)
as
=
n
n− 1
1
t3s
(
1− 2
3γ
)2
3γ
2
−
(
n− 2
3γ
n−1
)n−1 . (23)
3FIG. 2: The pressure (2) as a function of time and the param-
eter n (as = 1, ts = 10, γ = 1). The Universe begins with a
big-bang at t = 0, where p→∞, and reaches a w-singularity
at t = ts, where p = 0.
FIG. 3: The energy density (1) as a function of time and
the parameter n (as = 1, ts = 10, γ = 1). The Universe
begins with a big-bang at t = 0, where ̺→∞, and reaches a
w-singularity, where ̺ = 0.
In order to have a blow-up of H¨(ts), one would either take
n = 1 (which is a peculiar case), or the denominator of
(23) would have to be zero. However, as we have checked
both analytically and numerically, it does not happen for
any of the admissible values of the constants γ > 0 and
n > 0 (n 6= 1). The conclusion is that the model does not
admit a singularity of the higher derivatives of the Hubble
parameter since H¨(ts) 6= 0 in (23), and so it is not of the
type IV singularity according to the classification of Ref.
[6]. On the other hand, despite both a¨(ts) and a˙(ts)
vanish in the limit t → ts, the deceleration parameter
(18) blows-up to infinity, i.e.,
q(ts) = −
a¨(ts)as
a˙2(ts)
→∞ , (24)
and consequently, there is a blowup of the effective
FIG. 4: An effective barotropic index (17) as a function of
time and the parameter n (as = 1, ts = 10, γ = 1). It is zero
at the big-bang and infinity at the w-singularity.
barotropic index (17), i.e.,
w(ts) =
c2
3
[2q(ts)− 1]→∞ . (25)
Then, we face a very strange singularity. It has vanishing
pressure and energy density, a constant scale factor, but
the deceleration parameter and, in particular, a time-
dependent barotropic index w(t) are singular. This is
why we call it a w-singularity.
In Figs. 1-4 we give plots of the scale factor (15), the
pressure (2), the energy density (1), and the barotropic
index w = p/̺ for ns = 1, ts = 10, γ = 1, and n 6= 1. It
shows that the Universe starts with a big-bang at t = 0
and reaches a w−singularity at t = ts in which the scale
factor (Fig. 1), the pressure (Fig. 1), and the energy
density (Fig. 3) are finite, and in which the barotropic
index w = p/̺ blows up to infinity (Fig. 4).
Bearing in mind the relations (1), (2) and (17) for the
scale factor (15), we uncover an interesting duality be-
tween a big-bang and a w-singularity for the models un-
der studies. Namely, the big-bang is characterized by
p → ∞, ̺ → ∞ and w → 0 (close to t = 0, a(t) ∝ t2/3
and so q ∝ 1/2 which from (17) gives w → 0), while
the w-singularity is characterized by p → 0, ̺ → 0 and
w → ∞. This means we deal with duality between the
big-bang and the w-singularity in the form
pBB ↔
1
pw
, ̺BB ↔
1
̺w
, wBB ↔
1
ww
. (26)
Now, let us check if there is a simple standard cosmol-
ogy limit of the model. In order to do so, we may define
the constant A in (4) in a similar fashion as it was done
in Ref. [20], i.e.,
A = δas , and δ =
1
1− 3γ
2
(
n−1
n− 2
3γ
)n−1 . (27)
4Using this, the scale factor (15) reads as
a(t) = as
{
δ + n (1− δ)
1− 2
3γ
n− 2
3γ
(
t
ts
) 2
3γ
− δ
[
1−
1− 2
3γ
n− 2
3γ
t
ts
]n}
. (28)
From (28), it seems that the standard flat Friedmann
model limit could be obtained under the limit δ → 0
(provided (γ 6= 2/3 and n 6= 2/(3γ)). However, it is not
the case, since the limit δ → 0 corresponds to an infinite
value of the denominator of (27) which never happens
since it is exactly an inverse of the denominator of H¨(ts)
in (23) which is neither zero nor infinity. Finally, let us
note that a special γ = 0 dust-filled model which pre-
serves the standard early universe evolution processes is
obtained from (15), provided we choose:
as =
3n− 2
n
−
2
3n
(3n− 2)n
(3n− 3)n−1
. (29)
This gives (15) as
a(t) =
2
3n
(3n− 3)
1−n
[(
3n− 2−
t
ts
)n
− (3n− 2)
n
+
3n
2
(3n− 3)
n−1
(
t
ts
) 2
3
]
. (30)
The form of (30) for some special values of n is:
an=2(t) =
(
t
ts
) 2
3
+
1
9
t
ts
(
t
ts
− 8
)
, (31)
an=∞(t) =
(
t
ts
) 2
3
+ 2e
1
3
(
e(1−
t
ts
) − 1
)
. (32)
In conclusion, we have found another type of an exotic
singularity which we call a w-singularity. It differs from
the type IV singularity of Ref.[6]. The name comes from
the fact that all the quantities like the scale factor, the
energy density, the pressure are not singular, while the
time dependent barotropic index w(t) in the barotropic
form of an equation of state is infinite, i.e., for a certain
time t = ts a = as = const., ̺(ts) → 0, p(ts) → 0 and
w(ts) → ∞ with p(ts) = w(ts)̺(ts). A w-singularity is
different from type IV cosmological singularity in that
it does not exhibit the divergence of the higher deriva-
tives of the Hubble parameter. It is also different from
the big-brake, since it does not fulfill explicitly the anti-
Chaplygin gas equation of state p = K/̺ with K=const.
In the context of physical theories w-singularities may
appear in f(R) gravity [21], in scalar field models [22],
and in brane cosmologies [23].
The w-singularities do not seem to violate the en-
ergy conditions: null ̺c2 + p ≥ 0), weak (̺c2 ≥ 0 and
̺c2 + p ≥ 0), strong (̺c2 + p ≥ 0 and ̺c2 + 3p ≥ 0), and
dominant energy (̺c2 ≥ 0, −̺c2 ≤ p ≤ ̺c2) since the
energy density and the pressure are zero at these singu-
larities. Of course they reality of w-singularities should
be verified observationally.
Finally, we have found an interesting duality (26) be-
tween the big-bang and the w-singularity which refers
to the pressure, the energy density and the barotropic
w-index.
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